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Abstract. We consider a class of self-adjoint extensions using the boundary 
triple technique. Assuming that the associated Weyl function has the special 
form M{z) = {m{z) Id —T)n{z)~^ with a bounded self-adjoint operator T and 
scalar functions m, n we show that there exists a class of boundary conditions 
such that the spectral problem for the associated self-adjoint extensions in 
gaps of a certain reference operator admits a unitary reduction to the spectral 
problem for T. As a motivating example we consider differential operators on 
equilateral metric graphs, and we describe a class of boundary conditions that 
admit a unitary reduction to generalized discrete laplacians. 



1. Introduction 

The present work is motivated by the study of the relationship between discrete 
operators on graphs and differential operators on metric graphs (quantum graphs), 
see [6l[T9l[20l[22l[2H] • Let us recall the basic notions and introduce an illustrative 
example. 

Let G be a countable graph, the sets of the vertices and of the edges of G will be 
denoted by V and £, respectively, and multiple edges and self-loops are allowed. 
For an edge e € £ we denote by ie G V its initial vertex and by re € V its 
terminal vertex. For a vertex v, the number of outgoing edges and the number of 
ingoing edges will be denoted by outdegw and indegw, respectively, and the degree 
of V is degw :— indegw -I- outdegw. In what follows we assume that the degrees 
of the vertices are uniformly bounded and that there are no isolated vertices, i.e. 
1 < degw < iV for all u € V. Introduce the discrete Hilbert space 

l\G) :^ {/ : V ^ C : II/IP = ^ degv\f{v)\' < +^} 

vev 

and the weighted adjacency operator A in l'^{G), 

e:LV—e e:Te—v 

Numerous works treat the relationship between the properties of A and G, see 
e.g. |15) and references therein. 

Let us now introduce a continuous Laplacian on G. Consider the Hilbert space 
H := 0eg£'We, "He = i^(0, 1), and the operator A, A(/e) = (—/"); acting on the 
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functions / = (/e) G H^{Q, 1) satisfying the so-called standard boundary conditions: 
/e(l) = /b(0) for all 6, e G £ with ib = re (^continuity at each vertex), 

E /e(0)- E /e(l)=0. 
e:/.e— e-.re—v 

It is known that A is self-adjoint and that its spectrum is closely related with the 
spectrum of A: denoting an = {(t™)^ : n € N} one has the relationship 

spec^ A \ ao — {z ^ (7d ■ cos y/z e spec^ A}, j £ {p, pp, disc, ess, ac, sc}. (2) 

For j S {p, disc, ess} this was proved, for example, in [4j for finite graphs and 
in [13] for infinite graphs. In JJ^ the result was obtained for the first time for all 
types of spectra, and the work [31] used the results of [TT] to prove a similar result 
for continuous Laplacians with more general boundary conditions. We refer e.g. 
to [SJIinilTKinilll , 24 27, 30HS1I3S] for generalizations to more general differential 
operators and for the analysis of particular configurations. The aim of the present 
paper is to improve the relation ([2]). If is a Borel set in K and ^ is a selfadjoint 
operator, denote by Aq the part of A in fi, i.e. Aq — A1q{A) considered as an 
operator in ran In (^); here in{A) is the spectral projector of A onto f2. A simple 
corollary of Theorem [17] below is the following 

Proposition 1. Denote r]{z) :— cos^/z, then for any interval J C M \ ajj the 
operator Aj is unitarily equivalent to the operator 77~^(A^(j)). 

It was noted by the author in |31j that the operator A can be studied at an abstract 
level using the language of boundary triples and self-adjoint extensions [mfTTll^ . 
Let S* be a closed densely defined symmetric operator in a separable Hilbert space 
T-l with the domain dom S. Assume that S has equal deficiency indices, i.e. that 
dimker(S'*+«) = dimker(S'* — i). A boundary triple for S consists of a Hilbert space 
Q and two linear maps F, F' : domS" — >■ Q satisfying the following two conditions: 

. {f,S*g) - {S*f,g} = (F/,F'g) - (r'/,F.g) for aU f,g & dom 5*, 

• the application (F, F') : dom 5* 3 / (F/, F'/) &G ®G is surjective. 

We will consider the two distinguished self-adjoint extensions of S: 

:=5*|kerr andil :=5*|kcrr'. (3) 

It is known 17 that for any two self-adjoint extensions and H satisfying 
dom H n dom H'^ = dom S (H and iJ" are then called disjoint) one can find a 
boundary triple (C/,F,F') such that ([3]) holds. An essential role in the analysis of 
the self-adjoint extensions is played by the so-called Weyl function M{z) which is 
defined as follows. For z ^ speciJ° consider the operator 7(2) :— {r\\^cr{S'-z)) 
which is a linear topological isomorphism between G and ker(5'* — z) C H, then 
the map C \ speci?" 9 z 7(2) G £{Q,'H) (called 7-field) is holomorph. The 
operator function C \ speciJ° 9 z M{z) :— F'7(z) S £{G) is called the Weyl 
function associate with the boundary triple. Outside spec U spec H the Krein 
resolvent formula holds, {H'^ — z)~^ — {H ~ z)~^ — j{z)M{z)~^j{z)* , and we have 
the relation pi|[T7] 

speCjH\ speci7° = {z ^ spcci/'' : e speCjM(z)}, j £ {p, disc, ess}. (4) 

Numerous papers were devoted to the question whether one can detalize the relation 
dl]) and to recover, for example, the singular or the absolutely continuous spectrum 
of H in terms on the spectral properties of M, see e.g. |2I7I8I11||T71IT5] and references 
there-in. Our main result contributes this direction and concerns Weyl functions 
of a special form. 
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Theorem 2. Assume that the Weyl function M has the form 




(5) 



where 



• T is a hounded self-adjoint operator in Q , 

• m and n are scalar functions which are holomorph outside spec . 

Assume that there exists a spectral gap J := (ao,6o) C R\speci/° such that m and 
n admit a holomorph continuation to J, are both real-valued in J, that n ^ in J, 
and that m{J) H specT 7^ 0, then 

(a) there exists an interval K containing m~^{specT) (1 J such that m : K ^ 
m{K) is a bijection; denote by fi the inverse function; 

(b) the operator H J is unitarily equivalent to fJ^iT^j^i^j-^) . 

As was shown in |31| , the analysis of the above operator A can be put into the 
framework of boundary triples: the associated Weyl function in suitable coordi- 
nates has the requested form M{z) = (A — cos -^/i Id )\/z/ sin -y/i, and Proposition 
[1] becomes a simple corollary of Theorem [2j We recall these constructions and 
generalize the above example in Section [S] 

Theorem [5] shows that the spectral analysis of H in the interval J is equivalent to 
the spectral analysis of the operator T on a "smaller" space Q, and this fact can 
be considered as a dimension reduction. Note that for n = const Theorem 
[5] is actually proved in |2] : it is not stated explicitly, but the proof of Theorem 
4.4 in [5] contains the result, and we are adapting their scheme of proof to the 
case of non-constant n. The main difference comes from the fact that for constant 
n the function m is strictly increasing, while this is no more true for general n, 
which brings some additional difficulties. Note that the results of are suitable 
for the analysis of operators that can be represented as direct sums of operators 
with deficiency indices (1,1), but this does not cover the above example with the 
continuous graph laplacian. 

We emphasize that the condition m(J) n specT ^ in Theorem [5] is just to avoid 
some pathologies in the notation and this does not bring any restriction. If m( J) H 
specT = 0, then by ^ the operator H has no spectrum in J, and the assertion 
(b) still holds formally, as the both operators are defined on the zero space. 
Note that as an obvious corollary of Theorem [5] we have the following assertion ob- 
tained already in the author's joint work [111 Theorem 3.16] by a different method: 

Corollary 3. For any x Cz J and any j G {p, pp, disc, ess, ac, sc} the assertions 

• X £ speCj H, 

• m{x) G speCj T 

are equivalent. 



This section is devoted to the proof of Theorem [21 

2.1. Operator-valued mesures. In what follows by B{M) we denote the algebra 
of Borel subsets of K, and by Sf,(]R) its subalgebra consisting of the bounded Borel 
subsets. If % and V.' are Hilbert spaces, then £('H,'H') stands for the space of 
bounded linear operators from V. to H', and C{H) C{'H,'H). A mapping E : 
;Bb(R) — > C{'H) is called an operator-valued measure (in %) if it is cr-additive with 
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respect to the strong convergence and if — S(-B)* > for all B e Bb{^)- An 

operator-valued measure S is called bounded if extends by cr-additivity to a map 
B{M.) — >■ C{T-C). A bounded operator-valued measure E is called orthogonal if it 
satisfies two additional conditions: ^(BinBa) = E(Bi)E(B2) for all Bi, G S(M) 
and I](K) = Id. 

Let "Hi, "^2 be Hilbert spaces, A' : "^2 — > Hi be a bounded linear operator, 
and El be a bounded operator- valued spectral measure in 'Hi, then the mapping 
E2 : S(M) ^ B ^ T,2{B) := K*j:i{B)K e £(^2) is a bounded operator-valued 
measure in 7^2 which is called a dilation of Ei. This dilation is orthogonal if the 
above representation holds with a unitary operator if and is called minimal if the 
closed linear span of the subspaces Ei(_B) ranii', B e S(M), coincides with Hi. If 
a bounded operator-valued measure is an orthogonal dilation of another bounded 
operator-valued measure, then these two measures are called unitarily equivalent. 
Note that the spectral measure of a self-adjoint operator is always an orthogonal 
operator-valued measure. The following assertion is well known, see e.g. [331 Chap- 
ter 4] or [13 . 

Theorem 4 (Generalized Naimark's dilation theorem). Any hounded operator- 
valued measure E can he represented as a minimal dilation of an orthogonal 
operator-valued measure E'^, and E'^ is called a minimal orthogonal operator- valued 
measure associated with E . If a bounded operator-valued measure can be represented 
as a minimal orthogonal dilation of two different orthogonal operator-valued mea- 
sures, then these two orthogonal operator-valued measures are unitarily equivalent. 

Let us recall some tools that allows one to obtain some information on the spectral 
measures for self-adjoint extensions using the Weyl functions. 

Let C+ := {z e C : > 0} and H be a Hilbert space. A map C+ 9 z 1— > F{z) G 
£(H) is called an (operator-valued) Herglotz function on H if 9F(z) > for all 
z € C+. To each Herglotz function F on T-L one can associate a uniquely defined 
bounded operator- valued measure (bounded Herglotz measure), in H, which we 
denote by E^^, and two non- negative operators Ci and C2 on H such that 



On can introduce another operator- valued measure E p (unbounded Herglotz mea- 
sure) associated with F by the equality 



JB 

This operator- valued measure is unbounded in general, but it can be recovered from 
the values F by the explicit Stieltjes inversion formula 



see Note that the Weyl function M (z) defined by a boundary triple is always 

a Herglotz function and satisfies M{z) = M{z)*, see e.g. [lOj Proposition 1.21]. 
The following fact is known [U Lemma 2.12]: 

Proposition 5. Let S be a closed densely defined symmetric operator in a Hilbert 
space H with equal deficiency indices, and let {Q,T,T') he an associated boundary 
triple. Let M be the associated Weyl function and he the restriction of S* to 
kerF. Assume that S is simple (i.e. has no invariant subspaces on which it is 
self-adjoint), then the spectral measure for H° is a minimal orthogonal operator- 
valued measure associated with the bounded operator-valued Herglotz measure E^ 
associated with M . 
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The following proposition combines the above results and provides a step toward 
the proof of Theorem [2] 

Proposition 6. Let the assumptions of Theorem\^ be fulfilled, and let the assertion 

(a) of Theorem\^hold. Set N{z) := —M{z)~^ and let be the associated bounded 
Herglotz measure. Define its restriction j onto J by S^^ ,j{B) = C\ J). If 
TPj^ J is a minimal dilation of the spectral measure En of the operator R — lJ.{Tra{j))j 
then the operators Hj and R are unitarily equivalent. 

Proof, (a) Assume first that is a simple operator. Introduce the new boundary 
triple {g, f , f ') with f := -V and f ' := T. The associated Weyl function is N{z) := 
—M{z)~^, and is hence also a Herglotz one, and the operator H becomes then the 
restriction of S* to kerF. By Proposition [5] one can represent as a minimal 
dilation of the spectral measure Eh of Y.%{B) = K*Eh{B)K, K e CiG^H), 
then 

T.% j{B) = T.%iB n J) - K*EHiB n J)K - L*Eh,j{B)L, 

where Eh,j defined by Eh,.j{B) ~ Eh{B n J) is considered as an orthogonal 
measure in T-L' := ranii^//(J), and L = UK with H. : T-L ^ T-L' being the orthogonal 
projector. Therefore, Eh.j is another minimal orthogonal measure associated with 
J, hence Efi and Eh.j are unitarily equivalent by Naimark's theorem (Theorem 
2]). This means that there exists a unitary U such that Eh,.j{B) = U* Ej^{B)U for 
all B C J, and 

Hj = J tEH,.j{dt) = U* j tER{dt) U ^ U*RU. 

(b) If the operator S is not simple, one can decompose the Hilbert space T-L and the 
operator S into a direct sum H = Ho (B JC, S = Sq (B L, such that L is a self-adjoint 
operator in JC and Sq is a closed densely defined simple symmetric operator in Ho 
whose deficiency indices are equal to those for S. Moreover, {Q,f,f'), where f 
and r' are the restrictions of T and V respectively to dom S'q , is a boundary triple 
for So with the same Weyl function M(z). Moreover, one has = (B L and 
H — A (B L, where A'^ is the restriction of Sq to kerF and A is the restriction of 
Sq to kerf'. One has J C M \ spec^° and J C M \ specL, which means that Hj 
is unitarily equivalent to Aj. Finally, applying the part (a) to the operators So, A 
and A'^ one shows that Aj is unitarily equivalent to R. □ 

2.2. Technical estimates. In this section we use the notation and the assumptions 
introduced in Theorem [2] and Proposition |6l The aim of this section is to calculate 
the bounded Herglotz measure E^ associated to N in terms of the spectral measure 
for the operator R. 

Denote 

St := [inf spec T, sup spec T], K := m-^{ST) n J. (7) 
The following assertion was proved in [lOj Lemma 3.13]: 

Lemma 7. For any x (z K one has m'{x) ^ 0. 

We will prove below 

Lemma 8. The set K is connected. 

Let (a, 6) C J. By the Stieltjes inversion formula ^ one has 

SO ((a,&)) = s-lims-lim — / ( N{x + ie) - Nix - ie)\ dx. (8) 
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On the other hand, there holds 

,r/ . N ,T/ . N f f n(x + ie) n(x — ie) \ „ ,,,, 

Ni. + ^s) - Ni. - zs) = " A-U- .e) ) ^^^^^^^ 



n{x + ie) ri(x — ie) 



EridX), (9) 



'sr ^ ~ "^(2^ + ie) A — TO(a; — ie) 
where Et is the spectral measure associated with T. 
For a Borel subset J of J denote 

(A e) = J- / / "(-^ + »£) 

' 27rj J J \ X — m{x + ie) \ — ra{x — ie)J 

Our main technical estimate is the following proposition. 

Proposition 9. Assume that I = [a, b] C J. For some eo > there holds 

sup \kj{X,e)\ < +00 (11) 

A6St 
ee(0,£o) 

and /or any X G S't one has 

fO, A^m([a,6]), 

^lmYfcKA,e)- I iM'(A)n(/i(A)), A G {m(a), m(6)}, (12) 

[M'(A)n(^(A)), AeTO((a,fe)). 

77ere /i is the inverse to K 3 x ^ m{x) G m{K); this inverse exists by Lemmas^ 
and\^ 

To prove proposition [9] let us make some preliminary steps. 

Lemma 10. Let I <Z J be a closed segment such that m'{x) 7^ for x Cz I. Then, 
for some Eq > and for all a; G /, A G K and < jej < eo there holds 

1 r~r~T = 1 rY~- — rr^ ■ ('^ + ^9{x,x,e)), (i3) 

X — m[x + te) X — m[x) ^ lem' (x) V / 

where 

sup lg(a;, A,e)| < +00. 

a:e/,AGK 
0<|e|<eo 



Proof. There holds 

1 _ /(a;,A,e) 



(14) 



A — m{x + ie) A — m{x) — iem'{x) 
with 

X — m{x) — iem' (x) m{x + ie) — m(x) — iem' (x) 
f(x,X,e) = ; -. — = 1H r -. — . (15) 

A — m(x + le) A — rn(x + le) 

Due to the analyticity of to, there exists C > such that 

|m(a::) + iem'{x) — m{x + ie)\ < Ce^ for all x <E I, \e\ < eo- (16) 

On the other hand, denoting /c = infj;^/ |m'(a;)| > 0, one has \X^m{x)—iem'{x)\ > 
k\e\. Therefore, one can find c > such that 

I A - m{x + ie)\ > c\e\ for all A G M, x G /, |e| < eo- (17) 

Using (flGll and (fTTl) one obtains, with b = C/c > 0, 

m{x + ie) — m{x) — iem'{x) 



X — m{x + ie) 



< be for all X G /, A G M, < |e| < eo- □ 
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Lemma 11. The result of proposition\^ holds under the additional assumption 

m'{x) for all x I. 

Proof. Let us take the same Eq as in Lemma [TUl Using the representation one 
can write 



fc/(A,e) 



1 
2^i 



n{x + ie) ■ ^1 + e g{x, A, e)^ 
A — m(x) — iem'{x) 

n(x — ie) ■ [\ — £ g{x, A, 



A — m{x) + iem'{x) 

As n is holomorph, one can write n{x + is) = n{x) + £p(x, e) with 

sup \p[x, e) I < +CX). 

kl<eo 

Substituting this representation into (jl8p one obtains 



dx. (18) 



r(A,£) = ^^ n(x)( 



A — m(a;) — iem'ix) A — r7!,(a:;) + iem'{x) 



dx 



^:/i(A,e) 



+ 



er(a::, A, e) 



■ da; - 



1 



27ri A — TO(a;) — iem'(.T) 27ri \ — m{x) + iem' (x) 



£r{x, A, — e) 



— dx. (19) 



:/2(A,e) 



=:/3(A,e) 



with 



r(x, A, e) := p(x, e) (l + £g{x^ A, e)) + n{x)g{x, A, e). 
One has obviously 

sup |r(a;, A,£)| —. C < +oo 



xG/, A6IE 
0<|£|<eo 



Denoting 



k = inf |m'(a;)| > 

X G [a , &] 



one can estimate, for ah A G R and < |e| < 1, 

£r(x, A, e) 



A — TO(a;) + iem'{x) 



< 



R 



(20) 



Therefore, one has 



Ih 3(A,e)| < , °* for all A G M and < lei < 1. 

Let us study the expression for Ii . By elementary transformations one obtains 

em'(x)n{x) 



/i(A,£) = - / 



(A — m{x)) + {em'{x)y 
Denoting N := sup^.^/ |^(a^)| one obtains 



■ dx. 



\h\< 



N 



\m'{x) 



7^ Ja (A-m(x)) +£2A;2 

_ N 



■ dx 



e dy< — 

^(a) (A - y)2 +e2p - ^ 



+ 00 



dy — _ 



The estimate PT]) is proved. 
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To show the equaUties let us study first the hmits of I2 and . By (|20p and 
due to the boundedness of (a, h) one obtains by virtue of the Lebesgue dominated 
convergence 

lim /2(A,£)= / lim ^"^(.x^X^e) 

e->o+ e^vi+ X — m(x) + lem (x) 

note that for x satisfying A 7^ mix) (which can be violated for at most one point 
of [a, 6]) one has 

lim —r : — — = 0. 

e->-o+ A — m(x) + iem'{x) 

Therefore, lime^o+ -^2(A, e). By the same arguments, limj_j.o+ -^3(A, e) 

To study the limit of Ii we assume without loss of generality that m' [x) > on / 
(otherwise one changes the signs of T, m and n). Introduce a new variable y = m(x); 
by the implicit function theorem one has x = (p{y) and (p'{y) = (m'(a;)) ^. This 
gives 

/i(A,£) = - / ^ -^—dy. 



TT 



Introducing another new variable z = — one arrives at 

e 

1 f — 5 — n(ip(ez + X)) , ^ 

h{X,e) = - l_ r^dy. (21) 



TT 



ip'{ez + xy 



One has 



and 



therefore. 



sup |n((^(ez + A)| = sup |ri(a;)| < 



'-<z<^ 



a<x<b 



inf — —7 = inf m'(x)'^ — > 0, 

a(o)-A <2<i:i(6)^ (^'(ez + A)^ a<x<b 



n{ip{£z + A)) 



1 

z2 + 



N 

< ^ € L\R). 



ip'{ez + A)2 

Hence one has due to the Lebesgue dominated convergence 

lim /,(A,e).i Hm ^^Mfil^ 



ip'{ez + xy 

Recall that (for a ^ 0) 

" dt f+°° dt 1 r+°° dt TT 



,a^+f^ Jo a^ + t^ o? + t^ 2\a[ 

Clearly, for any c £ J 



m(c) — A , 
hm = <^ A = m(c) 



+00, A < m(c) 
A = m(c) 
-00, A > m(c) 
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and that for m(a) < A < m(6) there holds 

n{ip{ez + X)) _ n((^(A)) 



hm 

£->0+ „ 1 „ 1 

Z H 77 TT^ Z'' + 



It remains to note that ^{x) = (p{x) for x e m{I n ii'). The equalities (jl2l) are 
hence obtained. □ 

Lemma 12. Lei L be a connected subset of K such that m{L) D specT 7^ 0, i/ien 
i/ie functions m! and n are either both strictly positive on both strictly negative in 
L. 

Proof. Take A € specT such that A e m{L). As 37V(x + ie) > for e > 0, one 
has 

n{x + ie) n{x — ie) 



2i (" 



> 



2i V A — m(x + ie) A — m(a: — ie) - 
for all x G R. Integrating this inequality on any [a, b] C L such that A € m([a, b]) 
and passing to the limit as e ^ 0+ we obtain, by Lemma fTTl n(//(A))/i'(A) > 0. 

Let A ~ rn{y), y £ L, then < nyji{rn{y))j ^' {rn{y)) = — TJ^' other 

hand, n{y) 7^ by assumption and m'{y) 7^ by Lemma [7l hence the inequality is 
strict, hence rn'{y) and n{y) are either both negative or both positive. As the two 
functions m' and n are continuous and do not vanish in the connected set L, they 
have the same sign in whole L. □ 

Now we are able to show that K has a rather simple structure given in Lemma IS] 

Proof of Lemma O If the set K is not connected, then there are two different values 
xi,X2 £ J with m{xi) = m{x2) = t with t £ { inf spec T, sup spec T} (automati- 
cally T £ spec T) . Due to analyticity of m and without loss of generality one can 
assume that r = sup spec T, that xi < X2 and that m{x) > t for xi < x < X2- Then 
m'(xi) > and m'{x2) < 0. By the Lemma [T2l one has n{xi) > and n{x2) < 0, 
therefore, n has to vanish in at least one point of the interval (xi,X2) C J, which 
is impossible. □ 

Now we can prove the complete version of proposition ^ 

Proof of Proposition By Lemma \8\ there exists a bounded open interval Q. con- 
taining m^^(S'T) n J such that m'{x) ^ ioi x £ ft. Denote L := I H 0. and 
P := I\L. One has fc/(A,e) fcp(A,e) + kL{X,e). 

Consider the term kp. As m(P)nST = by construction, the subintegral expression 
in pop does not show any singularity for small e, i.e., for any eo > there exists 
C > such that 

n{x + ie) n{x ~ ie) 



< C 



A — m{x -\- ie) A — m,{x — ie) 
for all a; e P, A e St and < e < eo, and 

|fcp(A,e)| < C\P\ for all A e 5t and < e < eo. 

Futhermore, the Lebesgue dominated convergence and the equality 

nix + ie) nix — ie) nix) 

hm : = hm — 



E->o+ A — m{x + ie) e-^o+ A — m{x — ie) A — m[x) 
implies limj_j.o+ fcp(A,e) ~ for all A £ St- 
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To analyze the second term k^, we remark that, by construction, L is a closed 
interval and m'{x) ^ ior x E L, hence Lemma [TT] is applicable. □ 

2.3. Spectral measures and proof of Theorem [2l From now on we introduce 
the operator 

and the orthogonal projector 

P -.g := TimET{m{J)) 
Recall that we consider T as a self-adjoint operator in g. 

Proposition 13. Let /i be the inverse function to K 3 x t-^ m{x) G m{K) = m{J), 
then the operator n(^iJ,{T)'j fj,' (T) is bounded, and for any bounded Borel set B CZ J 
there holds 

En{B) - P*n{^x{f ))^i'{f )Ef{m{B))P, (22) 
Y.%{B) = P*n{^l{f))^l'{f){l + ^,{ff)-'Ef{m{B))P (23) 

Proof. By the cr-additivity it is sufficient to consider open intervals B = (a, b). 

(a) Assume first B = [a, b] C J. Applying (ITlT) and the Fubini theorem to the 
expression ([5]) for Eq one obtains 

Sat (B) = s-lim s-lim / k,a+5.b-s\{>^,£) EridX). 

5^0+6^0+ J 

Take any h G H. Using again (ITT|) and the Lebesgue dominated convergence one 
obtains, by virtue of p^ . 

s-lim / kia+s.b~6]iX,e) dErWh 



St 



S-lim k[,+s,b-5] (A, e) dET{X)h - f{T)ET (m((a + 5^b-5)))h 



i \f{m{a + 5))ET{{m{a + 8)}) + f{m{b-5))ET{{m{b-5)))\ h (24) 



where 

ri(/i(x))/i'(x), for a; € n m( J), 
0, otherwise. 



Hence, noting that the function / is a priori bounded on m{B) and passing to the 
limit as (5 0+ we obtain 

^NiB):^f{T)ET{m{B)). (25) 
On the other hand, there holds 

ET{fn{B)) = P*Ef{m{B))P, f{T) := P*n{fi{f))fi'{f)P, PP* = Idg, 
which transforms (|25)) into (j22l) . 

(b) Let B = {a,b) C J be an arbitrary open interval. In this case the boundedness 
of / on m{B) is a priori not guaranteed, hence one can have troubles when passing 
to the limit in ([M)) . To deal with this case consider the sequence i?„ = {a + l/n,b — 
1/n). One has obvously _B„ C J, hence for any h £ domi, L = f{T), we have 

lim ET(m{Bn))Lh^ ET(m{B))Lh. 

On the other hand, by (a), one has 

s-lim LET(m{Bn)) = s-lim SAr(B„) = T.n{B). 
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Therefore, for all h E domi we have LET{m{B))h — I]jv(i3)ft,, which is extended 
by continuity to all /i £ H and shows the boundedness of L. 

(c) We have 

Jg 1 + t'^ J g 1 + 

= p*n{^,{f))^,'{f) ( -^^P 

= P*n{fi{f))^i'{f){l + fi{fY)-'Ef{m{B))P □ 

Now we are in position to conclude the proof of the main result. 

Proof of Theorem\^ Recall that we have R = /x(T), and, therefore, T — ra{R). 
Note first that the assertion (a) holds with K defined in ([7]); it satisfies the requested 
conditions due to Lemmas |S] and [TH 

To proceed with the assertion (b), let us prove first the equality 

= P*n{R){m' {R)y^ Er{B) P* for all Borel sets B C J. (26) 

By the cr-additivity and the regularity arguments used in the proof of Proposition 
[TSlit is sufficient to study the case when B is an open interval such that B C J. We 
have Ef{m{B)) = Ejn{R) {m{B)) — Er{B). Substituting this equality in ((22)) and 

using the identity — [m'(/i(x))] ^, we obtain the requested equality (P^ . 

Analogously, from ((221) we deduce for B e S(M), B C J, 

E^(i?) - P*n{R){m'{R)y\l + R^)-^En{B)P (27) 

Now consider the operator-valued measure B i-)- j{B) ■— T,^{Br\ J) on Q. One 
can rewrite (P71) as 

j:%Jb) = d*Er{b)d, 

where 



D 



n{R)m'{R)-\l + R^)-^ 



1/2 _ 



P. 



Note that the operator n{R)m' (R)^^ is positive due to LemmafT^ hence kerD* = 
and laiiD = Q. Therefore, ^% j is a minimal dilation of the orthogonal measure 
En^j, and the operators Hj and R are unitarily equivalent by Proposition [6) The- 
orem [5] is proved. □ 



3. Graph-like structures 

In this section we are going to discuss a class of examples in which Weyl functions 
of the form ([5]) appear. We are interested in the case n ^ const; examples with 
n = const can be found e.g. in [2j Section 4] or [11] Subsection 1.4.4]. We introduce 
first a rather general abstract construction and then discuss its realizations by 
quantum graphs. 

3.1. Gluing along graphs. A part of the constructions of this subsection already 
appeared in j34ll35j . Let G be a graph as in the introduction. For v G V we denote 
{e e £ : be = v} C £ and E^ :— {e e £ : re — v} C £ and denote by Ey the 
disjoint union of these two sets, Ey :— Ey U Ey. 
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Let now /C be a Hilbert space and L be a closed densely defined symmetric operator 
in JC with the deficiency indices (2, 2). Consider a boundary triple (C^, tt, tt') for L, 

and let LP be the restriction of L* to kerTr. Denote by 7(2) the associated 7-field 
and by m{z) the corresponding Weyl function, which is in this case just a 2 x 2 
matrix function, 

.mri{z) mrr{z). 



m{z) 



We are going to interpret the operator L and its boundary triple as a description 
of an object having two ends, l and r, e.g. r^/ and T[f are interpreted as the 
boundary values of / at r. Our aim is to replace each edge of G by a copy of 
this object and glue these copies together by by suitable boundary conditions at 
the vertices. To make this construction more evident and to provide it with a 
geometric interpretation let us consider two examples. 

Example 14. Our main example is a Sturm-Liouville operator, see [311 Section 4] 
for the details of the construction. Let / > and let V G L^{0, 1) be a real- valued 
potential. Consider the operator 

(f 

with the domain Hl{0,l) = {/ S H^{Q,l) : /(O) = f{l) = /'(O) = f'{l) = 0}. Its 
adjoint L* is given by the same differential expression on the domain H^{0, 1), and 
as a boundary triple one can take 

The associated 7-field is given by 

and the Weyl function is 

where s and c are the solutions of the differential equation —y"{t) + V{t)y{t) = zyit) 
satisying the boundary conditions s(0; z) = c'(0; z) = and s'(0;z) = c(0; z) = 1. 
Note that the associated operator LP is just the above Sturm-Liouville operator 
with the Dirichlet boundary conditions at and I. Its spectrum cr^) consists of 
simple eigenvalues Un, n £ N, Vn+i > which are the zeros of the function 
ly !-?■ s{l;v). □ 

Example 15. Let be the Laplace-Beltrami operator on a closed manifold M, 
2 < dimM < 3. Take two points xi,X2 G M and denote by L the restriction of 
to the functions / e domi" with f{xi) — /(X2) = 0. Then L is a closed sym- 
metric operator with deficiency indices (2,2), and one can construct an associated 
boundary triple and the Weyl function as follows, see [TTJ Section 1.4.3]. Let 

)^l°grf^' dimM = 2, 

— — -, dimM = 3, 

4:Tra[x, y) 
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where d{x,y) is the geodesic distance between x,y G M. Any function / e domi* 
has the asymptotic behavior 

f{x) = aj{f)F{x,xj)+bj{f)+o{l), x^xj, aj{f),bj{f)eC, j = 1,2, 

hence as a boundary triple one can take (C^,r, F') with 

Note that the original operator L° is just the restriction of L* to kerF, and its 
spectrum is discrete. The Weyl function m for the above boundary triple has the 
form 

^(^\ - fG''ixi,xi;z) G{xi,X2;z)\ 
'^^^'-\Gix2,xi;z) G^ix2,X2;z))' 

where G is the Green function of i.e. the integral kcinic;! of the resolvent 
(L*^ — z)~^, and C is the regularized Green function, defined as the difference 
G^{x, y; z) := G{x, y; z) — F{x, y) and extended to the diagonal a; = y by continu- 
ity. □ 

To introduce rigorously the gluing of copies of L along the edges of G, let us 
consider the Hilbert space % := ©ggg'He, He = IC, and the symmetric operator 
S = (BeeS^e, Le = L. Clearly, S is closed densely defined in H, has equal deficiency 
indices, and S* = 0eg£ L^. As a boundary triple for 5 one can take {Q, F, F') with 

a:=0C^ r(/e) = (TT/e), = (V/e). 

This construction does not take into account the combinatorial structure of the 
graph G, and we prefer to modify it by regrouping all the components with respect 
to the vertices. More precisely, for any v G V denote Gv '■= C^''^" and set Q := 
®vevSv- 1^°^ (j) e g wc will write </> = (0t,)^gv, (f'v = i4'v,e)eeE^ S Qv, or simply 
(j) = e). The scalar product of 0, i/' G ^ is hence defined as 

vev veVeeE^ 
As a boundary triple for S we take now {Q, F, F') with 



r/ = (F./) e£E^ 5 J- v,e 



wje i{v = be, 
Wrfe ifv = re. 



and F' is defined analogously. Let us calculate the Weyl function for this boundary 
triple. Let £, = {£,v,e) & Q and z ^ specL°. The function / e ker(5'* — z) with 
F/ = ^ has the form f = (f^), 

/e = J{z) (^-A , (Ih^i) = n'^iz) = m{z) (^^' 



Therefore, 

(M{z)^) =F' j= /™"(^)^^.«+™'^(^)^^-^' if^' = ^e, ^^^^ 

where 

re for v = ie, 
be for V = re. 
Note that if the symmetry conditions 

m^,{z) = mrr{z) and m^r{z) = mri{z) (31) 



Ve = 
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are satified, then the above expression for M{z) can be shiiphficd to 

M{z)^m,,{z)ld+m,r{z)D, (32) 
where D is the self-adjoint operator in G acting as 

The restriction of S* to kerF is just the direct sum of the copies of i", 

hence speciJ" — specX" and any spectral gap of L° is also a spectral gap for 
Now impose gluing boundary conditions at each vertex w e V by 

A,r,f = BXJ (33) 

where A^, By are degw x degu matrices such that A^B* = ByAl and det{AyAl + 
ByB*) > 0. One can rewrite these conditions in the equivalent normalized form 

il-Uy)ry^l{l + Uy)r'yf, Uy € U (deg v) (34) 

or 

PyT'yf = CyPTyf, (l-n)r./-0, (35) 
where Py is the orthogonal projector from C^°s^' to 

Cy := ker(l + Uy)^ 

and Cy is a self-adjoint operator in Cy defined as 

Cy - -iil ~ PyUyP:)il + PyUyP^^K 

The equivalent boundary conditions ([55]) . ([M)) . define a self-adjoint operator, 
see e.g. (Ill Section 1], and we denote this operator by H . Note that in general H 
is not disjoint with as one has domT? n domif° = kerPF' n kerF 7^ dom5', 
P := 0„gy -P«, so let us proceed as in [lOl Theorem 1.32]. 

Denote by S the restriction of 5** to ker PV n ker F, then S* is the restriction of 5** 
to ker(l — P)F, and as a boundary triple for S one can take {Qp,Tp,T'p) defined 

by 

gp=ranP = 0£„, Fp = PFP*, F'p := FF'F* 

vev 

[Qp is considered with the scalar product induced by the inclusion Qp d G)^ and 
the associated Weyl function Mp takes the form 

Mp{z) := PM{z)P*. 
Now H becomes the restriction of S* to the vectors / satisfying 

r'p/:=CFp/, C:=0a, 

vev 

and the operator is still the restriction of S* to kcrFp. The following theorem 
shows that the spectral analysis of H can be reduced in certain cases to the spectral 
analysis of the discrete operator Dp on Qp, 

Dp := PDP*. 

Theorem 16. Assume that the symmetry conditions (j3ip hold and that there is 
e eC, such that \e\ = I, 9 ^ -I, and 

y speciJ, \{-l} = {0}, (36) 
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Set 



6) a - mi,{z) 



1 + 6 ' m^r{z) 
Assume now that there exists an interval J C M \ specL*^ such that m^T-{z) 7^ for 
z G J. Then the operators Hj and rj^^ {{^Dp)ri^{j)) are unitarily equivalent. 

Proof. Let us show that the assumptions of Theorem [2] are satisfied. First of all, as 
mentioned above, due to (PT|) and ([5^ one has Mp{z) := mi,i{z)ldp +mir{z)Dp. 
On the other hand, under the assumption all the operators are just the 
multiplications by a, hence H is the restriction of S* to ker(rp — aTp). Now 
introduce another boundary triple {Qp,Tp^a,^'p a) for S by Tp ^ — Tp and Tp^ = 
T'p — aTp. The associated Weyl function is 

Mpa{z) = Mp{z) - aid = (m,,(z) ~ a) ld+m,rDp = '^"^ . ■ 

As H = S^^^. p, , the result follows from Theorem O □ 

In the example [T31 the symmetry conditions (PT|) are satisfied if the potential V 
is symmetric, i.e. if V{x) = V{1 — x), cf. [211 Section 4]. In the example [T51 these 
conditions hold, e.g. if there exists an isometry g of M such that g{xi) = X2. If M 
is a two-dimensional sphere, then the condition pip holds for arbitrary xi and X2', 
we refer to the paper [S] studying various systems of coupled spheres. Note also 
that the operator Dp can be viewed as a generalized laplacian on the graph G, 
see [SHinS]. We will also see below that the adjacency operator ((TJ is a particular 
case of Dp for a suitable projector P. 

3.2. Quantum graph case. Consider now in greater detail the constructions of 
subsection 13. II for the Sturm-Liouville operator L from Example [HI 

Let, as previously, I > 0, V G L^{0, 1) be a real- valued potential and fix a : V — M. 
Denote by H the self-adjoint operator acting in H :— L^{0,1) as (/e) 

(— /" + Vfe) on the functions / (/e) G ®eee ^^(O^O satisfying the boundary 
conditions 

the value fe{v) f{v) is the same for all e G E^, 



J2 rA^)=a{v)f{v), veV 

e:ie—v 

where we denote 



(37) 




f'M iiie = v, 
-m iire^v. 

Recall that by ctu we denote the spectrum of the operator / 1— > — /" + V f on [0, 1] 
with the Dirichlet boundary conditions. 

The operator H has the structure requested in subsection 13.11 it represents copies 
of the same operator L from Example [14] coupled through boundary conditions at 
each vertex of the graph. One can rewrite the boundary conditions (j37l) in the 
normalized form (j34[) with 

_ 2 

degv + ia[v) 

here /„ and J„ are respectively the n x n identity matrix and the n x n matrix 
whose all entries are 1 [U]. The value —1 is an eigenvalue of Uv of multiplicity 
degw — 1, and the orthogonal projector onto ker([/„ + 1)^ is just the orthogonal 
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Py 1 J dcg V 



projector onto the one-dimensional space spanned by the vector py , where py is the 
vector of length degt; whose all entries are 1, i.e., in the matrix form, 

1 

degv 

Finally let us note that the condition ((36|) is satisfied if one has 

a{v) = a degv (38) 
for some a £ M. Theorem \W\ applied to the case under consideration gives 

Theorem 17. Assume that the potential V is symmetric, V{x) = V{1 — x), and 
that the condition (j38p holds. Then, for any interval J C M \ ctd the operator Hj 
is unitarily equivalent to 77^^"'^ (A,j^(-j)), where A is the operator in P{G) given by 
(H]) and 

r]a{z) — c{l; z) + as{l; z). (39) 

Proof. As noted above, the symmetry of the potential V guarantees that the con- 
ditions ((3T|) hold. Theorem [16] and the formulas ((29|) show that Hj is unitarily 
equivalent to Va^ {{Dp)r^^(j)) On the other hand, consider the unitary transforma- 
tion 

e:l^iG)^gp, (60. =C(«)P.. (40) 
Applying Dp to 8^ we obtain 



deg V ^ — ' " 



i.e. DpQ ~ OA, hence Dp and A are unitarily equivalent. □ 

Taking in this theorem I = 1, V = and a = we obtain r]o{z) ~ cos^/z, which 
gives proposition [1] 

Let us mention several other cases where the unitary dimension reduction is possi- 
ble. 

Theorem 18. Let V G L^(0,l) be arbitrary and the condition (1381) hold. Assume 

that the ratio k :— — ^— is the same for all v G V. Then Hj is unitarily 

deg V 

equivalent to rj^^ (^A^^f^j-^^j with r]a{z) — kc{1; z) + {1 — k)s'{1; z) + as{l; z). 

Proof. Note that we still have m^r — rnn- Take the same unitary transformation 
(gni) and calculate MpQ: 

{PM{z)P*e)Ue = -J^l y K,(z)(O0.,e - m,r{z){eOv.,e] 

e:ie—v 

+ E h'rr(2)(O0„.e-m^,(z)(ee)i,,,e]} 



e:re—v 



degv 

hence 



[onidegv ■ m,,{z) +ii\.degv ■ m,L{z))(,{v) + m,r{z) E ^("e 

e6_E„ 

OA - {kc {1-z) + {1-k)s'{1-z))Q 
Alp[z)(c) = ^ 



s{l;z) 

and the rest of the proof is similar to that of Theorem [Tni □ 
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One can extend the above results to the case with magnetic fields following the 
constructions of [2I1I3S]- Namely, let {ae)e££ be a family of magnetic potentials, 
tte e C^{[Oi l)]- Denote by H the self-adjoint operator in Ti := -^^(0, 



(.ge) ^ + a.fg'l + Vg,) , dg, := g'. 



on the functions g — (ge) G ®ee£ ^^(^j satisfying the magnetic analogue of the 
boundary conditions ([57)1 . 

the value gdv) =: g{v) is the same for all e G E^, 

5Z - iae{v)ge{v)\ = a{v)g{v), v eV. 

e:Le—v 

Applying the unitary transformation 

5e(i) =cxp(^J aeis)ds^ fe{t) 
and introducing the parameters 

= ae{s)ds 



one sees that H is unitarily equivalent to the operator H acting as (/e) >—?' (— /" + 
Vfe) with the boundary conditions 

the value e^^"-" fe{v) —: f{v) is the same for all e G Ey, 

if w = te. 



^ e*'^-=/^(t;) =a(t;)g(«), « G V, with /3„,e = 



/3e if w = re. 



By a minor modification of the preceding constructions one can show that Theorems 
1171 and [TS] hold in the same form if one replaces the operator A by its magnetic 
version A^, 

e:ie—v e-.re—v 

Let us now comment on the dimension reduction for boundary conditions different 
from ((571) . 

Example 19 ((^'-coupling) . Another popular class of boundary conditions is the 
so-called 6' coupling |14) . 

^/^M = 0, f,iv)-f,{v) = ^{f'^iv)-niv)), e,b€Ey, v&V, 

where /3(w) are non-zero real constants. These boundary conditions can be rewritten 
in the normalized form p4p with 

degv — ip(vj degv — ip(v) 

and the condition ([55]) is fulfilled if /3(w) = /3degt; for some /3 £ M \ {0}. Hence 
for an even potential V Theorem 1161 applies, and for any interval J C ffi. \ ctd the 
operator Hj is unitarily equivalent to J?!/^ with ?7i/^ defined by ((5^ 

and P — ^ Pv, where P^ is the orthogonal projector in C^"^ ^ onto the subspace 
p^. Such operator Dp appeared already in |24| in a slightly different problem. □ 
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Example 20 {S'^ coupling) . One can also consider the so-called S'^ coupling given by 
the following boundary conditions jl4l : 

/eH=/ft(e)=:/'(^;), e,beE,, ^ = veV. (41) 

To treat this case it is better to modify the boundary triple for the initial operator 
L: instead of one can define 

^ I f'il) )' ^ \f{l) 
then the associated Weyl function is 

1 (s'{l-z) 1 



m(z) — , , 1 , /, X 

c'{l;z) V 1 c{hz) 

Note that the reference operator is now the Neumann operator on [0, Z]. Denote 
by (Jtv its spectrum. With this new boundary triple the boundary conditions (|1T|) 
become similar to the KirchofF boundary conditions p7p ; they can rewritten in the 
normalized form p4p with 

1 

deg V — ia(v) 

Assuming now that V is symmetric and that (1361) holds and proceeding as in The- 
orem [T7] one can show that for any interval J C IR.\ a^q the operator Hj is unitarily 
equivalent to 77^;-'^ ((— A)^^(j)) with rja{z) — c{l; z) + ac'{l; z). □ 



Uv — 1 • / \ J dcg V 



References 

[1] N. I. Achieser, I. M. Glasman: Theorie der linearen Operatoren im Hilbertraum (Akademie- 
Verlag, Berlin, 1975). 

[2] S. Albeverio, J. F. Brasche, M. M. Malamud, H. Ncidhardt: Inverse spectral theory for 
symmetric operators with several gaps: scalar-type Weyl functions. J. Funct. Anal. 228 
(2005) 144-188. 

[3] Yu. Arlinski, S. Belyi, E. Tsekanovskii: Conservative Realizations of Herglotz-Nevanlinna 

Functions (Operator Theory: Ad. Appl., vol. 217, Basel, Springer, 2011). 
[4] J. von Below: A characteristic equation associated to an eigenvalue problem on c^ -networks. 

Lin. Alg. Appl. 71 (1985) 309-325. 
[5] J. von Below, J. A. Lubary: The eigenvalues of the Laplacian on locally finite networks 

under generalized node transition. Results Math. 54 (2009) 15—39. 
[6] G. Berkolaiko, R. Carlson, S. A. Fulling, P. Kuchment (Eds.): Quantum graphs and their 

applications (Contemp. Math., vol. 415, AMS, 2006). 
[7] J. F. Brasche: Spectral theory for self-adjoint extensions. In the book R. del Rio, C. Villegas 

(eds.): Spectral Theory of Schrddinger Operators (Contemp. Math. vol. 340, 2004, AMS, 

Providence, Rhode Island) 51-96. 
[8] J. F. Brasche, M. Malamud, H. Neidhardt: Weyl functions and spectral properties of self- 
adjoint extensions. Integr. Eqs. Operator Theory 43 (2002) 264-289. 
[9] J. Briining, P. Exner, V. Geyler: Large gaps in point-coupled periodic systems of manifolds. 

J. Phys. A36 (2003) 4875-4890. 
[10] J. Briining, V. Geyler, K. Pankrashkin: Cantor and band spectra for periodic quantum 

graphs with magnetic fields. Commun. Math. Phys. 269 (2007) 87-105. 
[11] J. Briining, V. Geyler, K. Pankrashkin: Spectra of self-adjoint extensions and applications 

to solvable Schrddinger operators Rev. Math. Phys. 20 (2008) 1-70. 
[12] R. Carlson: Hill's equation for a homogeneous tree. Electronic J. Differential Eqs. 1997 

(1997) 1-30. 

[13] C. Cattaneo: The spectrum of the continuous Laplacian on a graph. Monatsh. Math. 124 
(1997) 215-235. 

[14] T. Cheon, P. Exner: An approximation to 5' couplings on graphs. J. Phys. A 37 (2004) 
L329-L335. 

[15] F. Chung: Spectral graph theory (AMS, Providence, Rhode Island, 1997). 
[16] B. Dekoninck, S. Nicaise: The eigenvalue problem for networks of beams. Lin. Alg. Appl. 
314 (2000) 165-189. 



DIMENSION REDUCTION FOR SELF-ADJOINT EXTENSIONS 



19 



[17] V. A. Derkach, M. M. Malamud: Generalized resolvents and the boundary value problems 

for Hermitian operators with gaps. J. Funct. Anal. 95 (1991) 1—95. 
[18] V. A. Derkach, M. M. Malamud: The extension theory of Hermitian operators and the 

moment problem. J. Math. Sci. 73:2 (1995) 141-242. 
[19] P. Exner, G. DeU'Antonio, V. Geyler (Eds.): Special Issue on "Singular interactions in 

quantum mechanics: solvable models". J. Phys. A 38 (2005), no. 22. 
[20] P. Exner, J. P. Keating, P. Kuchment, T. Sunada, A. Teplyaev (Eds.): Analysis on Graphs 

and Its Applications (Volume 77 of Proceedings of Symposia in Pure Mathematics, AMS, 

2008) 469-490. 

[21] P. Exner: A duality between Schrodinger operators on graphs and certain Jacobi matrices. 
Ann. Inst. Henri Poincare Phys. Theor. 66 (1997) 359-371. 

[22] S. Gnutzmann, U. Smilansky: Quantum graphs: Applications to quantum chaos and uni- 
versal spectral statistics. Adv. Phys. 55 (2006) 527-625. 

[23] V. I. Gorbachuk, M. A. Gorbachuk. Boundary value problems for operator differential equa- 
tions (Kluwer Acad. Publ., Dordrecht etc., 1991). 

[24] M. S. Harmer: A relation between the spectrum of the Laplacean and the geometry of a com- 
pact graph. Research Report no. 446, Department of Mathematics, University of Auckland 
(2000), available at http://www.math.aucklaiid.ac.nz/Research/Reports/ 

[25] F. Klopp, K. Pankrashkin: Localization on quantum graphs with random vertex couplings. 
J. Stat. Phys. 131 (2008) 651-673. 

[26] F. Klopp, K. Pankrashkin: Localization on quantum graphs with random edge lengths. Lett. 
Math. Phys. 87 (2009) 99-114. 

[27] P. Kuchment, O. Post: On the spectra of carbon nana- structures. Commun. Math. Phys. 
275 (2007) 805-826. 

[28] P. Kuchment (Ed.): Quantum graphs special section. Waves Random Media 14 (2004) no. 1. 
[29] S. M. Malamud, M. M. Malamud: Spectral theory of operator measures in Hilbert spaces. 

St. Peterburg Math. J. 15:3 (2003) 1-53. 
[30] S. Nicaise: Some results on spectral theory over networks applied to nerve impulse trans- 
mission. In the book Polynomes Orthogonaux et Applications (Lect. Notes Math., vol. 1171, 

Springer- Verlag, 1985) 532-541. 
[31] K. Pankrashkin: Spectra of Schrodinger operators on equilateral quantum graphs. Lett. 

Math. Phys. 77 (2006) 139-154. 
[32] K. Pankrashkin: Localization effects in a periodic quantum graph with magnetic field and 

spin-orbit interaction. J. Math. Phys. 47 (2006) 112105. 
[33] V. Paulsen: Completely bounded maps and operator algebras (Volume 78 of the book series 

"Cambridge studies in advanced mathematics", Cambridge, 2003). 
[34] O. Post: Equilateral quantum graphs and boundary triples. In the book [20, 469-490. 
[35] O. Post: First order approach and index theorems for discrete and metric graphs. Ann. 

Henri Poincare 10 (2009) 823-866. 

Laboratoire de mathematiques d'Orsay (UMR 8628), Universite Paris-Sud 11, Batiment 
425, 91405 Orsay Cedex, France 

E-mail address: konstantin.pankrashkinOmath.u-psud.fr 
URL: http: //www. math. u-psud. f r/~pankrash/ 



